We describe a dual-mirror wide angle optical design, which removes the radial distortion associated with traditional all-sky optics for a chosen altitude. The wide angle mirror system provides a transform of the sky, for a selected altitude, as if the viewer is situated at the center of the Earth. Other advantages of the system include (1) real time achromatic transform, (2) higher optical gain compared to pure lens systems, (3) a quasi-telecentric optic capable of taking narrowband interference filters without modification, and (4) a uniform sky spatial resolution everywhere on the detector. Disadvantages include (1) cost of manufacture and (2) focusing issues, especially near the horizon.
Introduction
Imaging the nighttime sky using all-sky lenses of 180°field of view, called all-sky imaging, has a long tradition in atmospheric airglow and auroral science dating back more than 50 years to before the International Geophysical Year in 1957 (cf. [1, 2] ). Fundamentally, a single or dual mirror system with focusing lens, or a pure lens, is used to form a round image. If the camera is mounted pointing vertically, then the image is circularly linear in azimuth angle about the camera and radially linear from the image center in zenith angle with the local horizon appearing around the edge of the circular image [1] . For an altitude of 100 km, where the maximum brightness in auroral emissions typically occurs [2] , an all-sky imager gives a radial field of view of ∼500 km.
The circular all-sky images are generally processed into either geographic coordinates [3] or a regular spatial grid of constant size [4] , for a chosen altitude.
Unfortunately, this significantly reduces the image spatial resolution of same sized features in the sky away from the local zenith. This is illustrated in Fig. 1 , which shows a regular grid of 0:1°latitude and 0:25°l ongitude at 100 km altitude, corresponding to approximately 10 × 10 km squares to within 10%, covering 5°in latitude and 12:5°in longitude, for a high latitude site [5] . For CCD technology with its regular rectangular array of pixels, the number of pixels contributing to each trapezoid and therefore the optical signal-to-noise ratio decreases with increasing zenith angle. One objective of the design described below is to eliminate this effect. Radic and Andreic [6] and Andreic and Radic [7] effectively did this with their all-sky single mirror design, which gave constant angular magnification. However, they did not address the problem of fixed altitude in the sky nor the fact that the camera blocks the local zenith. We solve both these problems together. Figure 2 illustrates the transform required to eliminate the all-sky circular distortion and produce a constant sky spatial resolution within the image for a chosen altitude for a vertically pointing camera [8] . The view must be mapped from the local zenith angle (θ) to the angle subtended at the center of the Earth (ε). For a vertically pointing camera, the image will remain azimuthally symmetric about the line connecting the camera to the center of the Earth. For the Earth radius (r) and a user selected altitude (h), it is easily shown that [8] tanðθÞ ¼ ðh þ rÞ sinðεÞ ðh þ rÞ cosðεÞ − r :
Design
To achieve full all-sky imaging (θ ¼ AE90°), ε ≈ AE10°. However, by limiting θ to AE75°, which is often sufficient for real applications, ε ≈ AE3°. This offers significant advantages in terms of mirror manufacturing effort, the use of interference filters and focusing, as discussed below. Figure 3 (a) is a schematic of a traditional all-sky single mirror system (top) and the image produced on a square detector (bottom). Typically, the curvature of the mirror is constant such that the image is radially linear in local zenith angle for a vertical pointing imager. An obvious problem is that the camera blocks the local zenith (black disk), which is often the most interesting part of the sky for a particular imager placement. The constant angular magnification all-sky mirror design by Radic and Andreic [6] and Andreic and Radic [7] also suffers from this problem. In some designs, a secondary mirror is used, allowing the camera to be located somewhere more convenient, but this does not solve the problem of zenith blocking. In order to substitute ε for θ in Fig. 3 (a), the curvature of the mirror is adjusted as a function of radius for the desired transform altitude using Snell's law of reflection. Hough and Scourfield [9] produced the wide angle no distortion (WAND) all-sky mirror system, which implemented Eq. (1). However, the problem of zenith blocking remained. Here we solve this problem.
A solution to zenith blocking is shown schematically in Fig. 3(b) . The mirror curvature is such that its highest point is not in the center, as is the case in Fig. 3(a) , but forms a doughnut. The negative slope of the mirror surface near the central axis allows rays from the local zenith to reach the mirror and be reflected into the focusing lens. The hole in the middle of the mirror is not relevant to the optics but can be used to accommodate the camera if a secondary mirror is implemented. The curvature of the mirror can be arranged such that the image is linear in θ or ε. Either way, the local zenith forms a circle about the center of the detector (black disk), which contains no useful information. This cosmetic blemish can be removed by a suitable secondary mirror, as described below. The fact that the vertical rays come from a cylinder of finite diameter is of no practical consequence because the cylinder diameter is small compared to the projection altitude of 100 km.
If a transform is implemented with a dual mirror design, great flexibility is afforded and many nonunique solutions are possible. Three basic classes of dual mirror design are possible, with the primarysecondary being convex-convex, concave-concave, and convex-conical. Andreic and Radic [10] produced a near all-sky imager using a single concave mirror. They found that a full 180°field of view could not be achieved, but failed to realize the problem could be solved by a secondary concave mirror. However, they did show that the convex mirror design produces a more compact system, for the same focus performance, than the concave mirror design. This is because the convex mirror produces its virtual image behind the mirror surface, whereas the concave mirror has its virtual image in front of the mirror surface. To achieve the same focus performance, the convex mirror requires the camera-mirror distance to be less than a similar concave mirror. All combinations of convex and concave mirrors were investigated, but the convex-conical design is easiest to manufacture because one mirror has a pure conical surface and provides the best overall focus by maximizing the camera to virtual image distance, as discussed below. Figure 4 (a) shows a schematic of the dual mirror wide angle mirror system (WAMS) for θ ≈ AE90°. The focusing lens is placed at the system origin. From an optical point of view, the only fundamental difference between Figs. 3(b) and 4(a) is the coneshaped secondary mirror. However, the secondary mirror allows for the incoming vertical rays to be reflected via both mirrors into the center of the lens. Hence, in this design, the primary mirror performs the transform described by Eq. (1), while the secondary removes the cosmetic blemish shown in Fig. 3(b) . Due to manufacturing limitations, the central image pixel, which views the apex of the secondary mirror cone, may not contain any useful information. Figure 4 (a) shows that an image radially linear in ε will be produced where the local zenith is in the middle of the image. Table 1 gives the important dimensions in inches (1 in: ¼2:54 cm) for the WAMS shown in Fig. 4(a) . Reflective optics scale linearly, so the transform is unaffected by physical size. The dimensions given allow the device to be mounted in a standard 40 The focusing lens is placed at the system origin.
in Fig. 4(a) . As the transform altitude approaches infinity, or at least ten Earth radii, the primary mirror automatically assumes the shape of a traditional all-sky optic, i.e., constant curvature. Second is the origin-to-secondary mirror apex distance, which determines the overall scaling, and is set to 18 inches in Fig. 4(a) according to practical housing limitations. Third is maximum value of ε, which determines the field of view (2θ) from Eq. (1) and the maximum diameter of both mirrors.
In Fig. 4(a) , ε ¼ 10°, giving θ ¼ 89:9°and total field of view of 179:8°. Alternately, ε ¼ 3°, which gives θ ¼ 74:9°and total field of view of 149:8°. The cone angle of the secondary mirror is automatically set to ensure that the vertical rays will appear in the center of the image. The secondary is near flat with the cone angle of 5°(see Table 1 ). The numerical integration to determine the shape of the primary proceeds toward increasing diameter (from vertical to horizon rays) from the y-axis origin with the x-axis starting point determined by the secondary mirror size [3.17 inches in Fig. 4(a) ]. The radius of the secondary mirror is automatically set from the user selection of the free parameters.
A few other issues are worth addressing. First, the focal length of the focusing lens has no bearing on the transform described in Eq. (1), provided the angular field of view of the lens is linear with image radius from the center of the image. Changing the focal length merely changes the image size on the detector. The lens field of view (FOV) is given by
where d is the detector size and f is the lens focal length [11] and FOV ¼ 2ε for WAMS. For a typical auroral imager CCD with 512 × 512 pixels of 25 μm size square, d ¼ 12:8 mm (nominally ½ inch), giving f ¼ 36:3 mm for ε ¼ 10°or f ¼ 122:1 mm for ε ¼ 3°. Second, the aperture of typical focusing lenses can be F1 or better, for moderate cost, whereas the commercial all-sky lenses are typically F4 or F2.8 at best. The light gathering power of an F1 lens is 16× greater than that of F4, a significant advantage for nighttime all-sky imaging. Third, since the mirrors are achromatic light reflectors, the transform is scale invariant. Hence the use of arbitrary units in Fig. 4(a) . The size of the mirrors is determined by other considerations, e.g., manufacturing costs and housing limitations. However, WAMS should be made as large as reasonably possible for focusing reasons, as discussed below. Fourth, a wavelength selective interference filter can be inserted at any point between the secondary mirror and focusing lens. Interference filters change the wavelength of their passband according to the angle of incidence as follows:
where λ ε is the wavelength at the angle of incidence (ε), λ 0 is the wavelength at normal incidence, N m is the refractive index of the medium (1 for air), and N f is the refractive index of the interference filter (typically ≅2). For a typical visible auroral wavelength of 557:7 nm, the shift in filter wavelength is 2:1 nm for ε ≤ 10°, which gives the minimum filter bandwidth to view the line emission. This increases to 3:2 nm for an infrared auroral emission at 844:6 nm. Since it is uncommon that a narrower bandwidth is required for auroral applications, WAMS requires no addi- tional
Finally, fifth, a potentially serious limitation of WAMS is the issues of focus and astigmatism. Following the procedure by Radic and Andreic [6] , Fig. 4(b) shows the WAMS surfaces as well as part of the locus of apparent radial focus for objects at infinity. Where the primary mirror has its maximum curvature (near zenith rays) the image appears to come from close behind the mirror surface [6] (∼ − 0:56 in. below the origin), i.e., a total distance of ∼36:8 in. from the focusing lens. Where the primary mirror has almost zero curvature (near horizon rays) the image appears to come from effectively infinity (not shown). The secondary mirror does not affect the apparent focus in the radial direction because it is perfectly flat in this direction. Hence the focusing lens has to accommodate all object distances from ∼36:8 in. to infinity. For geophysical applications, the horizon is usually the least interesting part of the sky. If the field of view is limited to θ ¼ AE75°, then the image appears to come from ∼ − 8:0 in. behind the mirror surface for the maximum zenith angle, which is an object distance of ∼45:5 in. from the focusing lens. This significantly reduces the focal range to 36.8-45.5 in. In addition, restricting the field of view produces a more compact design [10] , as both primary and secondary mirrors have significantly reduced diameters, i.e., less than a third of full size in this case.
In the azimuthal direction, both the primary and secondary mirrors have curvature, which varies with radius. This should introduce variable astigmatic focus as a function of radius. Unfortunately, astigmatism should be worse for WAMS compared to constant curvature all-sky mirrors [7] . For spherical mirrors, the focal point for objects at infinity is half the radius of curvature. From Table 1 , the primary mirror azimuthal focus varies from 1.59 in. for vertical rays to 5.89 in. for horizon rays. Figure 4(b) shows the locus of apparent azimuthal focus of the primary mirror for objects at infinity. It is obvious that the focusing lens needs to accommodate a much smaller range of azimuthal focus than the radial focus described above. Given that the primary mirror is close to the secondary mirror, and that the secondary mirror has a smaller radius of curvature than the primary mirror, the range of azimuthal focus in the final image is compressed even further. Hence the quality of focus is primarily determined by the radial direction. In addition, Radic and Andreic [6] point out that astigmatism is likely not a serious problem, as each point on the convex primary mirror is associated with a different part of the sky. The bundle of rays that makes up each point in the image is infinitesimally small, and astigmatism cannot occur for a single ray. This is borne out by practical experience.
The focusing lens has to accommodate apparent objects over a range of distances using its depth of field, expressed as
where D n and D f are the near and far distances from best focus, respectively, s is the lens focus distance, f is the lens focal length, c is the circle of confusion size, and F is the lens F-number given by F ¼ f =a, where a is the lens aperture [11] . The depth of field decreases as the focus is reduced from infinity, the focal length or lens aperture is increased, or the circle of confusion size is decreased. For WAMS, the image focal distance is short (≥ 36:8 in.) and a wide aperture is highly desirable for night vision applications, both of which reduce the depth of field. The depth of field can be increased by reducing the focal length of the focusing lens but this also reduces the image size on the detector by increasing the circle of confusion size, but this also reduces the image resolution, or by increasing the lens F-number [7] but this also reduces the light throughput. The only free parameter is the focus distance, which should be maximized by scaling up the mirror size as far as possible [7] . If the focus is set to 40.4 in. for θ ¼ AE75°, then the near and far depths of field are both 0.061 in., which is obviously insufficient to cover the image focal range of 36.8-45.5 in. To accommodate the entire depth of field, either the F-number must be increased to F ¼ 58:8, with ∼4000× light intensity loss compared to F ¼ 1, or the circle of confusion must increase to ∼1:5 mm, with loss of image resolution. Ultimately, the user must compromise and choose which part of the field of view to optimize the focus on. In terms of focus, the primary-secondary convexconical design presented is one of the best options because the camera to virtual image distance is maximized, a major reason for choosing this design. However, for the concave-concave design, a much narrower depth of field requirement may be possible because the concave mirrors compress the virtual image in front of the mirror surface. This remains to be investigated.
Conclusion
A wide angle mirror system (WAMS) has been designed for distortion-free and blemish-free wide field of view imaging of the sky for a selected altitude. If the user is willing to accept the cost of manufacture and modest loss of focus, especially for large viewing angles, then the WAMS offers significant advantages over traditional all-sky lenses. These include (1) distortion-free achromatic imaging for a selected altitude, (2) uniform sky spatial resolution everywhere on the detector, (3) a high light gathering capability more than an order of magnitude greater than commercially available all-sky lenses, and (4) narrowband interference filters that can be inserted without modification or additional optics.
